Abstract. We prove that Z in definable in Q by a formula with two universal quantifiers followed by seven existential quantifiers. It follows that there is no algorithm for deciding, given an algebraic family of Q-morphisms, whether there exists one that is surjective on rational points. We also give a formula, again with universal quantifiers followed by existential quantifiers, that in any number field defines the ring of integers.
, and Y. Matiyasevich [Mat70] , we know that no such algorithm exists. In other words, the positive existential theory of the integer ring Z is undecidable.
It is not known whether there exists an algorithm for the analogous problem with Z replaced by the field Q of rational numbers. But Robinson showed that the full first-order theory of Q is undecidable: she reduced the problem to the corresponding known result for Z by showing that Z could be defined in Q by a first-order formula [Rob49, Theorem 3.1]. If there were a positive existential formula defining Z in Q, then an easy reduction from Q to Z would show that Hilbert's 10th problem over Q would have a negative answer.
G. Cornelissen and K. Zahidi [CZ07] ask:
(1) What is the smallest part of the first-order theory of Q that can be proved undecidable?
(2) How complicated must a formula defining Z in Q be? To make these questions precise, they define the positive arithmetical hierarchy as follows: Σ + 0 = Π + 0 is the set of atomic formulas (which, in the language of rings, are polynomial equations), and for n ∈ Z ≥0 , inductively define Σ + n+1 as the set of formulas consisting of any number of existential quantifiers followed by a formula in Π + n , and Π + n+1 as the set of formulas consisting of any number of universal quantifiers followed by a formula in Σ + n . Thus, for instance, positive existential formulas are equivalent to those in Σ + 1 , and the formula
is a Π + 3 -formula with one free variable, w. As remarked in [CZ07], Robinson's definition of Z in Q uses a Π + 4 -formula, and it follows that the Σ + 5 -theory of Q is undecidable. Theorems 4.2 and 5.3 of [CZ07] show that a conjecture about elliptic curves implies that Z is definable in Q by a Π + 2 -formula, and that the Π + 2 -theory of Q is undecidable, even if one allows only formulas with a single universal quantifier.
Our results.
We prove unconditionally that Z is definable in Q by a Π + 2 -formula. Combining this with the negative answer to Hilbert's tenth problem over Z shows that the Σ + 3 -theory of Q is undecidable. Our proof uses not elliptic curves, but quaternion algebras.
These results may be restated in geometric terms. By Q-variety we mean a separated scheme of finite type over Q. Given a Q-morphism π: V → T and t ∈ T(Q), let V t = π −1 (t) be the fiber. Then (a) There exists a diagram of Q-varieties V 2. Quaternion algebras. We use a quaternion algebra argument similar to that in the proof of [Eis05, Theorem 3.1]. Let P = {2, 3, 5, . . .} be the set of prime numbers. Given a, b ∈ Q × , let H a,b be the quaternion algebra over Q generated by i and j satisfying i 2 = a, j 2 = b, and ij = −ji. Let ∆ a,b be the set of p ∈ P that ramify in H a,b . Let S a,b be the set of reduced traces of elements of H a,b of reduced norm 1. For p ∈ P, define S a,b (Q p ) similarly for H a,b ⊗ Q p . For any prime power q, let U q be the set of s ∈ F q such that x 2 − sx + 1 is irreducible in F q [x] . Let Z p be the ring of p-adic integers, and let red p : Z p → F p be the reduction map.
LEMMA 2.1.
, and any monic quadratic polynomial is a characteristic polynomial.
(ii) Now suppose that p ∈ ∆ a,b . Then H a,b ⊗ Q p is the ramified quaternion algebra over Q p , and x 2 − sx + 1 is a reduced characteristic polynomial if and only if it is a power of a monic irreducible polynomial in 
Proof. This is a special case of the Hasse principle for rational numbers represented by quadratic forms: see [Ser73, p. 
Proof. We have U q = Tr {β ∈ F q 2 − F q : N(β) = 1} , where Tr and N are the trace and norm for F q 2 /F q . Since F q 2 contains q + 1 norm-1 elements,
Suppose that q is odd. Write
x, y ∈ F q and x 2 − cy 2 = 1}. So a ∈ U q + U q if and only if there exist x 1 , y 1 , x 2 , y 2 ∈ F q satisfying These conditions define a smooth curve X in A 4 . Eliminating x 2 shows that the projective closure X of X is a geometrically integral intersection of two quadrics in P 3 , with function field
. So X is of genus 1 with at most 12 punctures (the intersections of X with three hyperplanes: y 1 = 0, y 2 = 0, and the one at infinity).
If instead q is even, F q 2 = F q (γ) where γ 2 + γ + c = 0 for some c ∈ F q , and we seek an F q -point on the curve X defined by The geometric properties of X are the same as in the odd q case.
For any q ≥ 23, the Hasse bound yields
Remark 2.4. A further calculation shows that the only prime power q less than or equal to 11 for which U q + U q = F q holds is 9. Remark 2.6. It follows that the set of (a, b, c) ∈ Q × × Q × × Q such that at least one of a and b is positive and such that c is integral at all primes ramifying in H a,b is diophantine over Q. This adds to the toolbox that might someday be useful for a negative answer to Hilbert's Tenth Problem over Q. Given a prime p, it is possible to choose a, b, a , b ∈ Q >0 with ∆ a,b ∩ ∆ a ,b = {p}, so that T a,b + T a ,b = Z ( p) ; thus we also quickly recover the well-known fact that Z ( p) is diophantine over Q.
LEMMA 2.7. We have a,b∈Q >0 T a,b = Z.
Proof. By Lemma 2.5, it suffices to show that for each p ∈ P there exist a, b ∈ Q >0 such that H a,b is ramified at p. If p = 2, take a = b = 7. If p > 2, take a = p and choose b ∈ Z >0 with red
Definition of Z.
THEOREM 3.1. The set Z equals the set of t ∈ Q for which the following Π + 2 -formula is true over Q: , b)(∃a 1 , a 2 , a 3 , a 4 , b 1 , b 2 , b 3 , b 4 , x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 , n) (a + a Proof. The set of a for which there exist a 1 , . . . , a 4 such that a + a 2 1 + a 2 2 + a 2 3 + a 2 4 = 0 are those satisfying a ≤ 0. Thus removing this factor and the corresponding factor for b is equivalent to restricting the domain of a, b to Q >0 . Now the theorem follows directly from Lemma 2.7.
Reducing the number of quantifiers.
The formula in Theorem 3.1 contains 2 universal quantifiers followed by 17 existential quantifiers. We do not see how to reduce the number of universal quantifiers. But we can reduce the number of existential quantifiers: THEOREM 4.1. It is possible to define Z in Q with a Π + 2 -formula with 2 universal quantifiers followed by 7 existential quantifiers.
Proof of Theorem 4.1. Starting with the formula in Theorem 3.1, we may replace each a i and b i by the corresponding x i , and hence reuse the variables x i (we thank Pace Nielsen for this idea, which greatly simplified our original proof). Next we solve 2x 1 + 2y 1 + n − t = 0 for y 1 to eliminate y 1 , and we clear denominators. Finally, the quantifier for n is unnecessary because n takes on only finitely many values. The resulting formula is Remark 4.2. Here we show that if f (t), g(t) ∈ Q(t) are rational functions, then the intersection of T f (a),g(a) over all a ∈ Q such that f (a) and g(a) are nonzero and not both negative is always much larger than Z; this foils one possible approach to defining Z in Q using just one universal quantifier.
Tsen's theorem implies that the quaternion algebra H f (t),g(t) over Q(t) is split by Q(t) and hence by k(t) for some number field k, and hence by Q p (t) for any prime p splitting in k; for such p, we have that H f (a),g(a) ⊗ Q p is split for all a ∈ Q such that f (a) and g(a) are defined and nonzero. Hence any rational number whose denominator is divisible only by primes splitting in k will be in the intersection of the sets T f (a),g(a) mentioned above.
We can also give a new proof of the following result, which was first proved by G. Cornelissen and A. Shlapentokh [CS08] . Remark 4.4. The proof of Theorem 4.3 shows also that for every > 0, there is a subset S ⊂ P of density less than (namely, b∈B S b ) such that Z[S −1 ] is definable in Q by a Π + 2 -formula with just one universal quantifier.
Defining rings of integers.
THEOREM 5.1. There is a Π + 2 -formula that in any number field k defines its ring of integers.
Proof. Let be a prime greater than 11 such that ( − 1)/2 also is prime, e.g., = 23. Let ζ be a primitive th root of 1 in an algebraic closure of k. We will break into cases according to which subfields of Q(ζ ) are contained in k.
Case 1. k contains a zero of f and a zero of x 2 − * . Then k ⊇ Q(ζ ), so the residue field at every prime of k not above contains a primitive th root of 1. In particular, every residue field is an F q with q > 11, so Lemma 2.3 always applies. Also k has no real places. Thus the argument of Section 2 shows that for any a, b ∈ k × , the analogously defined T a,b (without the n) equals the set of elements of k that are integral at every prime ramifying in H a,b . We can require a, b ∈ k × by adding an equation abc − 1 = 0. We may combine equations over k by observing that if P n (z 1 , . . . , z n ) is the norm form for a degree-n extension of k, then P n (z 1 , . . . , z n ) = 0 is equivalent to z 1 = · · · = z n = 0. So O k is defined in k by the following formula Φ: This is not uniform in k, because the norm form must depend on k, but by quantifying over all possible coefficients for the norm form, we can replace Φ by a uniform formula. The same approach of dividing into two cases lets us generalize to include the case where k does not contain a zero of f : in this case, f is irreducible over k since Q(ζ + ζ −1 ) is abelian of prime degree over Q.
